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Introduction.
A permutation is said to be p-semiregular if each cycle in its disjoint cycle decomposition has length p. The identity, a fixed point free involution and a full (i.e. of length TV) cycle on N symbols are instances of 1-semiregular, 2-semiregular and TV-semiregular permutations, respectively. For permutations on N -kp symbols, let e(fc,p) be the number of p-semiregular permutations which are expressible as the product of an arbitrary but fixed full cycle and a fixed point free involution. In this paper we investigate the properties of this number. The problem has application to the study of 2-cell embeddings of graphs and hypergraphs on an orientable 2-manifold (Machi [5] ). It was prompted by the work of Bayer and Morrison [6] on singularities in surfaces, where they considered permutations with a prescribed number of cycles, expressible in this form. This and a generalization were considered in [4] . The present question is a restriction of Bayer and Morrison's problem to the p-semiregular case.
For example, e(2,3) = 1 since (1 5 3)(2 6 4) = (1 2 3 4 5 6)(1 4)(2 5)(3 6) is the unique 3-semiregular permutation in S6 which is the product (carried out from right to left) of the fixed cycle (12 3 4 5 6) and a fixed point free involution. It is a feasible but laborious hand calculation to show that e(3,4) = 45. One of these 45 permutations is (1 8 11 6) (2 5 12 7) (3 10 9 4) since this is equal to (1 2-12)(l 7)(2 4)(3 9)(5 11)(6 12) (8 10) . These hand calculations agree with delicate matter to use them to elicit further combinatorial information. Instances in combinatorial theory in which character theoretic arguments have been used include factorization of permutations into full cycles (Stanley [10] ), random permutations generated by random transpositions (Diaconis and Shahshahani [3]), asymptotic estimation of the number of homomorphisms of a particular type from a finitely generated free monoid to a finite group (Thompson [11] ) and association schemes (Bannai and Ito [1] ). See also Rothaus and Thompson [8] .
First we express e(k,p) as a multiple of a particular character sum, which is denoted by T(k,p). We then demonstrate that T(k,p) is zero except for the two cases T(2n + 1,4c) and T(4n + 2,2q + 1), where n,q are nonnegative integers here and throughout.
Explicit expressions are obtained for these two cases by considering an integral representation of T(k,p). This is carried out in § §3 and 4, respectively, for these two cases. The integral representations are further used in §5 to derive expressions for T(4n + 2,3) and T(2n + 1,4), and again in §6 to show that T(2n + 1,8) and T(4n + 2,5) satisfy 3-term linear recurrence equations. This is achieved by expressing each in terms of the hypergeometric series 2Fi (namely, Gauss' function), and by using the contiguous relations for this function.
It would be desirable to have a direct (combinatorial) proof of the recurrence equations for T(2n + 1,8) and T(4n + 2,5), which appears to be possible because they have only three terms. However, among the coefficients of these terms are polynomials of degrees four and seven with large coefficients. This may mean that such a proof is very difficult.
It is convenient to have the following notation readily to hand. K(k,p) = \kp and A(fc,p) = iK(2K)\/K!2, which are abbreviated in the generic case to K and A, respectively. Throughout, n, fc and p are nonnegative integers and 2 | fcp, so K is a nonnegative integer.
2. The character sum and its two cases. Throughout, we shall be concerned with the following character sum. DEFINITION 2.1.
The combinatorial number e(fc,p), which is the subject of this paper, can be expressed in terms of this character sum as follows. 
We first use this lemma to establish when the character sum is zero. We conclude from this proposition that there are two possibilities, namely, T(2n + 1,4c) and T(4n + 2,2c + 1), for T(k,p), and that the remaining cases are zero. These cases are considered separately in the next two sections.
Expressions for the combinatorial numbers e(fc, p) and c(fc, p) are readily obtained from Proposition 2.2, the remark which follows it, and the expression for h0 given in §1.
3. An integral representation for the character sum T(2n + l,4q). To obtain further information about T(k,p) we derive an integral representation for it. In doing so, extensive use is made of the next proposition concerning the beta integral.
The next theorem gives an integral representation for this case.
Theorem 3.2.
Let N, = {0,1,2,..., i}. Then the mapping p: Nfc_i xN2q_i xNi -»N^fc-i:
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use where a¡ = 1 if I = 0 or 2q and a¡ -2(-l)' if 0 < I < 2q. From Proposition 3.1
and the result follows. □ From this representation it is possible to deduce an explicit expression for the character sum T(fc,4ij). «-iigD-iyO)^2 kq)2}q
The result now follows by again using the fact that
4. An integral representation for T(4n + 2,2q + l). An integral representation for the character sum T(4n + 2,2q + 1) can be obtained in a similar way. The main points are contained in the next two propositions whose proofs are straightforward and are therefore omitted. Throughout this section, let p -2q + 1 and fc = 4n + 2. (2) Ifi = 2(2q + l)j + 2t + l whereO<j < 2n andO< t < 2q-l thenvl+x =Vi. Next, we expand this, integrate it using Proposition 3.1 and reduce the Pochhammer symbols to canonical form, to obtain / = \kIi + ^Trß(k,q)I2 where We next show how an explicit recurrence equation can be obtained for T (2n -1,8) , by using the contiguous relations of Gauss for the 2Fi (Rainville [7] ). (1)
Then these satisfy the following
(2 + 3n)An + (l + n)(l + 4n)5n-4(l + n)(l + 2n)Z" = 0 from (2),
An -6(1 + n)Zn+i = -2(5 + 6n)6"+1 from (3).
Elimination of Bn,Zn between (5), (6), (7) gives (9) (16n2 -12n -5)bn+i -64n(n + l)6n + 7(8n + l)An = 0.
Elmination of An,Bn between (5), (6), (7) gives 7(n + l)(8n + l)Zn -2(3n + l)(3n + 2)bn+i -40n(n + l)bn = 0, which gives, on replacement of n by n + 1, (10) 7(n + 2)(8n + 9)Zn+i -2(3n + 4)(3n + 5)6n+2 -40(n + l)(n + 2)bn+i = 0. (
in the notation given in the proof of Corollary 6.1.
From (1), (2) and (3) n + 2)(l0n + 5J
cn, from (6).
We can now obtain a linear recurrence relation for cn by using the following contiguous relations: 
5(5n + 2)cn = (40n + 11)G" -12nQn from (9),
5(5n-l)Pn = (40n-ll)cn_i -4(3n-l)Gn_i from (9).
Elimination of Q", Gn between (10), (11), (12) gives (14) 53(5n -2)(5n + l)(5n + 2)cn = 10(2800n3 + 1400n2 + 92n -ll)Pn -8(3n + l)(500n2 + 260n + ll)c"_i.
Elimination of Pn,Qn between (10), (11), (12) The question of counting p-semiregular permutations in Sn which are expressible as the product of a full cycle and a i-semiregular permutation is also of combinatorial interest. However, for cases other than t = 1, which is trivial, t = 2, which has been treated here, and t = n this problem seems to be intractable.
The expression for T(4n + 2,3) given in Corollary 5.2 was conjectured from evidence drawn from computer computations based on Lemma 2.3. The eliminations needed to derive the recurrence equations for T(2n -1,8) and T(4n + 2,5) given in Corollaries 6.1 and 6.2, were also carried out by means of a computer. In both instances, the computations were done symbolically using the Sun Unix Macsyma Beta Test Release 308.2 in the Department of Mathematics at MIT.
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Appendix. Figure 2b , and is encoded by the permutation (1 2-• ■ 12) € Si2. Each permutation gives a directed cycle corresponding to a face boundary.
